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Abstract 

In this article we offer the new interpretation of T-dualization procedure of type II 
superstring theory in double space framework. We use the ghost free action of type II 
superstring in pure spinor formulation in approximation of constant background fields 
up to the quadratic terms. T-dualization along any subset of the initial coordinates, 
a;“, is equivalent to the permutation of this subset with subset of the corresponding 
T-dual coordinates, ya, in double space coordinate Demanding that 

the T-dual transformation law after exchange O ya has the same form as initial 
one, we obtain the T-dual NS-NS and NS-R background fields. The T-dual R-R field 
strength is determined up to one arbitrary constant under some assumptions. The 
compatibility between supersymmetry and T-duality produces change of bar spinors 
and R-R field strength. If we dualize odd number of dimensions x°‘, such change flips 
type IIA/B to type II B/A. If we T-dualize time-like direction, one imaginary unit i 
maps type II superstring theories to type II* ones. 


1 Introduction 

T-duality is a fundamental feature of string theory [H El n la [5]. As a consequence of 
T-duality there is no physical difference between string theory compactified on a circle of 
radius R and circle of radius 1/R. This conclusion can be generalized to tori of various 
dimensions. 

Mathematical realization of T-duality is given by Buscher T-dualization procedure [2]- 
If the background fields have global isometries along some directions then we can localize 
that symmetry introducing gauge fields. The next step is to add the new term in the 
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action with Lagrange multipliers which forces these gauge fields to be unphysical. Finally, 
we can use gauge freedom to fix initial coordinates. Varying this gauge fixed action with 
respect to the Lagrange multipliers one gets the initial action and varying with respect to 
the gauge fields one gets T-dual action. 

Buscher T-dualization can be applied along directions on which background fields do 
not depend [HiailElEllTj. Such procedure was used in the papers [g El ini Ellis] in the 
context of closed string noncommutativity. There is a generalized Buscher procedure which 
deals with background fields depending on all coordinates. The generalized procedure was 
applied to the case of bosonic string moving in the weakly curved background nain]. It 
leads directly to closed string noncommutativity m- 

The Buscher procedure can be considered as definition of T-dualization. But there 
are also other frameworks in which we can represent T-dualization which must be in 
accordance with the Buscher procedure. Here we speak about double space formalism 
which was the subject of the articles about twenty years ago [isiEiiiaiiiiiso]. Double 
space is spanned by coordinates (/r = 0,1, 2,... , D — 1), where and 

are the coordinates of the D-dimensional initial and T-dual space-time, respectively. 
Interest for this subject emerged again with papers [mEgEslEllES], where T-duality is 
related with 0{d, d) transformations. The approach of Ref.[T6| has been recently improved 
when the T-dualization along some subset of the initial and corresponding subset of the 
T-dual coordinates has been interpreted as permutation of these subsets in the double 
space coordinates [26ll27|. 

Let us motivate our interest for this subject. It is well known that T-duality is impor¬ 
tant feature in understanding the M-theory. In fact, five consistent superstring theories 
are connected by web of T and S dualities. In the beginning we are going to pay attention 
to the T-duality. To obtain formulation of M-theory it is not enough to find all corre¬ 
sponding T-dual theories. We must construct one theory which contain the initial theory 
and all corresponding T-dual ones. 

We have succeeded to realize such program in the bosonic case, for both constant and 
weakly curved background. In Refs. [261127] we doubled all bosonic coordinates and obtain 
the theory which contains the initial and all corresponding T-dual theories. In such theory 
T-dualization along arbitrary set of coordinates is equivalent to replacement of these 
coordinates with corresponding T-dual ones ya- So, T-duality in double space becomes 
symmetry transformation with respect to permutation group. 

Performing T-duality in supersymmetric case generates new problems. In the present 
paper we are going to extend such approach to the type II theories. In fact, doubling all 
bosonic coordinates we have unified types IIA, IIB as well as type II* [28] (obtained by 
T-dualization along time-like direction) theories. We expect that such a program could 
be a step toward better understanding M-theory. 


2 


In the present article we apply the approach of Refs. IMl in the cases of com¬ 
plete (along all bosonic coordinates) and partial (subset of the bosonic coordinates) T- 
dualization of the type II superstring theory [T]. We use ghost free type II superstring 
theory in pure spinor formulation [29 ( I3n ( IM] in the approximation of constant background 
fields and up to the quadratic terms. This action is obtained from the general type II su¬ 
perstring action |32] which is given in the form of an expansion in powers of fermionic 
coordinates 0“ and In the first step of consideration we will limit our analysis on the 
basic term of the action neglecting 0“ and 0“ dependent terms. Later, in the discussion 
of proper fermionic variables, using iterative procedure [32], we take into consideration 
higher power terms and restore supersymmetric invariants n(^, da and da as variables in 
the theory. 

Rewriting the T-dual transformation laws in terms of the double space coordinates 
we introduce the generalized metric T-Lmn and the generalized current J±m- The 
permutation matrix n exchanges the places of and where index a marks the 

directions along which we make T-dualization. The basic demand is that T-dual double 
space coordinates, , satisfy the transformation law of the same form 

as initial coordinates, Z^. It produces the expressions for T-dual generalized metric, 
q'Hmn = MN 1 and T-dual current, aJ±M = (T“J±)m- This is equivalent to 

the requirement that transformations of the coordinates and background fields, Z^ 
aZ^ , T-Lmn —t oHmn and J±m —t aJ±M: are symmetry transformations of the double 
space action. From transformation of the generalized metric we obtain T-dual NS-NS 
background fields and from transformation of the current we obtain T-dual NS-R fields. 

The supersymmetry case includes the new features in both Buscher and double space 
T-duality approaches. In the bosonic case the left and right world-sheet chiralities have 
different T-duality transformations. It implies that in T-dual theory two fermionic coor¬ 
dinates, 0“ and (9", and corresponding canonically conjugated momenta, tTq and ita (with 
different world-sheet chiralities), have different supersymmetry transformations. As it is 
shown in |33l IM] it is possible to make supersymmetry transformation in T-dual theory 
unique if we change one world-sheet chirality sector. So, compatibility between super- 
symmetry and T-duality can be achieved by action on bar variables with operator all, 
a'^/ 3 - As a consequence of the relation T^^ = (~1)^ a^T^^ it follows that 

such transformations for odd d change space-time chiralities of the bar spinors. In such a 
way operator qH for odd d maps type IIA/B to type IIB/A theory. Here d denotes the 
number of T-dualized directions. 

There is one difference comparing with bosonic string case [Ml [27] where all results 
from Buscher procedure were reproduced. In the T-dual transformation laws of type II 
superstring theory the R-R field strength does not appear. The reason is that R-R 
field strength couples only with the fermionic degrees of freedom which are not dualized. 


3 


This is analogy with the term in the bosonic case, where background field 

n_|_jj couples only with coordinates x* which are undualized [2T1 [2^ . To reproduce Buscher 
form of the T-dual R-R field strength we should make some additional assumptions. 

There is one appendix which contains block-wise expressions for tensors used in this 
article and useful relations. 


2 Buscher T-dualization of type II superstring theory 

In this section we will consider type II superstring action in pure spinor formulation 
[291 EDI El] in the approximation of constant background fields and up to the quadratic 
terms. Then we will give the overview of the results obtained by Buscher T-dualization 
procedure [MlEaillEI. 


2.1 Type II superstring in pure spinor formulation 

The sigma model action for type II superstring of Ref. [32] is of the form 

S = d^i{X^)^AMNX^ + Sx + S-^, 

where vectors X^ and X^ are left and right chiral supersymetric variables 
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in (12.11) . action gets the expanded form [32] 


5 = J (fc [d+e'^A^pd-e^ + d+6^Aaf,u^ + + n^;^n. 

+ + daE^f,U>^_ + d+6'^Ejdp + U>^E/dfi + 

+ + iivf 


/ 



The world sheet S is parameterized by = t = a) and 9± = dr E da- 

Superspace is spanned by bosonic coordinates (// = 0,1, 2,..., 9) and fermionic ones 0" 
and 8°‘ (a = 1, 2,... , 16). The variables 7r„ and are canonically conjugated momenta 
to 0" and (9", respectively. The actions for pure spinors, Sx and S^, are free field actions 



( 2 . 8 ) 


where A“ and A“ are pure spinors and Wa and Wa are their canonically conjugated mo¬ 
menta, respectively. The pure spinors satisfy so called pure spinor constraints 


A“(n„/3A^ = A“(r^),^A/' = 0. 


(2.9) 


Matrix Amn containing type II superfields generally depends on x^, 9°‘ and 0". The 


superfields A^i^, E°‘n and are physical superfields, because their first compo¬ 

nents are supergravity fields. The fields in the first column and first row are auxiliary 
superfirlds because they can be expressed in terms of the physical ones |32j . The rest 
ones, C°‘fj,u{C^ 1 ,°^) and Sfj,u,pa, are curvatures (field strengths) for physical 

superfields. 

The action from which we start (|2.7p could be considered as an expansion in powers 
of 0" and 8°‘. In an iterative procedure presented in [32| it has been shown that each 
component in the expansion can be obtained from the previous one. So, for practical 
reasons (computational simplicity), in the first step we limit our considerations on the basic 
component i.e. we neglect all terms in the action containing 0" and 8°‘. As a consequence 
6°‘ and (9" terms disappear from III^, da and da and in the solutions for physical superfields 
just x-dependent supergravity fields survive. Therefore we lose explicit supersymmetry in 
such approximation. Later, when we discuss proper fermionic variables, we would go 
further in the expansion and take higher power terms, which means that supersymmetric 
invariants, III^, da and da, would take the roles of d±x^, iTa and vfa, respectively. 

We are going to perform T-dualization along some subset of bosonic coordinates x“. 
So, we will assume that these directions are Killing vectors. Since d±x^ appears in III^, da 
and da, it essentially means that corresponding superfields {Aab, Ea^, E°‘a, P“^) should 
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not depend on This assumption regarding Kiiiing spinors couid be extended on aii 
space-time directions which efFectiveiiy means, in the first step, that physicai superheids 
are constant. Aii auxiiiary superheids can be expressed in terms of space-time derivatives 
of physicai supergravity heids [32]. Then, in the hrst step, auxiiiary superheids are zero, 
because aii physicai superheids are constant. On the other hand, constant physicai super¬ 
heids means that their heid strengths, C °‘and are zero. In 

this way, in the hrst step, we eiiminated from the action terms containing variabies 
and ()2.5p . 

This choice of background heids shouid be discussed from the viewpoint of space-time 
heid equations of type II superstring action [5S]. Let us pay attention on the space-time 
held equations for type II superstring given in Appendix B of [35|. The equation (B.7) 
from this set of equations represents the backreaction of on the metric Gpu- If we 
take constant diiaton <I> and constant antisymmetric NS-NS held we obtain that 

( 2 . 10 ) 


If we choose the background held to be constant, in general, we will have constant Ricci 
tensor which means that metric tensor is quadratic function of space-time coordinates i.e. 
there is back-reaction of R-R held strength on metric tensor. If one wants to cancel non¬ 
quadratic terms originating from back-reaction, additional conditions must be imposed 
on R-R held strength - AdS^ x coset geometry or self-duality condition (see the hrst 
reference in |29]i. 

Taking into account above analysis and arguments, our approximation can be realized 
in the following way 

n((. —>■ d±x^ , da ^ TTa 1 da ^ : (^-H) 

and physical superheids take the form 

Apu = K{\Gp, + Bp,), = = = = ( 2 . 12 ) 

where Gpi, is metric tensor and Bp^ is antisymmetric NS-NS background held. Conse¬ 
quently, the full action S is 


S = K t d^i \d+x^^Ii+p^d-x'' + 

JY. V dvTK 

+ [ d^^ \-TTad. (0“ + T^X^^) + d+ (r + ^“X^)7f« + -TTaP^^^f} 


(2.13) 


where 

= Bpy ± ■ (2-14) 

Actions Sx and are decoupled from the rest and can be neglected in the further analysis. 
The action, in its hnal form, is ghost independent. 
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NS-NS sector of the theory described by (|2.13l) contains gravitation antisymmetric 
Kalb-Ramond field and dilaton field <h. In NS-R sector there are two gravitino fields 
'h" and which are Majorana-Weyl spinors of the opposite chirality in type IIA and 
same chirality in type IIB theory. The held is R-R held strength and can be expressed 
in terms of the antisymmetric tensors [6l |36l |33 [38] 


D 


1 


r"'’ = E 

k=0 


a(3 


kr 




(2.15) 


where 

p[MiM2...Mfe] = p[A‘ipM2 p/^i;] ^2 16) 

is completely antisymmetrized product of gamma matrices. The bispinor satishes 
chirality condition, T^^T = ±TT^^, where T^^ is a product of gamma matrices in = 10 
dimensional space-time and sign + corresponds to type IIA while sign — to type IIB 
superstring theory. Consequently, type IIA theory contains only even rank tensors 
while type IIB odd rank tensors. Because of duality relation, the independent tensors are 
F(o), T( 2 ) and 1^(4) for type IIA while Tpp and self-dual part of for type IIB 
superstring theory. Using mass-shell condition (massless Dirac equation for T“^) these 
tensors can be solved in terms of potentials The factor is in accordance 

with the conventions adopted from [39]. 


2.2 T-dualization along arbitrary number of coordinates 

Let us start with the action (I2.13|) and apply standard T-dualization procedure [2l[T^IT^. 
It means that we localize the shift symmetry for some coordinates We substitute the 
ordinary derivatives with covariant ones, introducing gauge helds Then we add the 
term ^yaF!^_ to the Lagrangian in order to force the field strength to vanish and 
preserve equivalence between original and T-dual theories. Finally, we fix the gauge = 0 
and obtain 


Sfixiv1,x\0°‘,e‘^,7ra,-Ka) = 

[ -|- Kd+x'^Ii+ijd-X^ + 

Jt. L dvr 


- + <T“7r„ - 7r„d_(0“ + Tfx*) + d+(r + Tfx*)#^ + 7 ^ et 7r„F“^7rp 


+ -{v^d-Va - v°Ld+ya) 


(2.17) 


Varying the gauge fixed action with respect to the Lagrange multipliers ya we get the 
solution for gauge fields in the form 


v% = d±x °‘, 


(2.18) 
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while varying with respect to the gauge fields we have 


vi = -2KefU^b^^±x^ - Kefd±yb ± ■ 

Substituting in (12.171) we find 
Sfix{ya,x\0°',B°',TTa,^a) = 


(2.19) 


Si 


~ 1 

^abp, I ,^2pt Qab-n , ,_2 ^irr . aabp, „„ , 


-d+yaO_d-yb + K^d+yaO_Il+bjd-x^ - K^d+x''U+ia9_d-yb + 


dvr 


+ Kd+S{U+ij - 2Kn+iaS^U+bj)d-X^ 

- TT^d. (r + - 2^2S^u+bjx^ - 

+ d+ (r + tf x' + 2^20tii-bjx^ + KS^yb)^a 

+ 27Ta^2G-^b^0 


-,aaab,j,y-^ + — et 7 r„F“^ 7 r 


2k 


vr/3 


( 2 . 20 ) 


Before we read the T-dual background fields, we must express this action in terms of the 
appropriate spinor coordinates, which we will discuss in the next subsections. 

Combining two solutions for gauge fields (|2.18p and (j2.19l) we obtain transformation 
law between initial x“ and T-dual coordinates ya 


a±x“ ^ -2K9fU^bid±x^ - Kef{d±yb - J±b) 

Its inverse is solution of the last equation in terms of ya 

d±ya = -2Il^abd±x'' - 2Il^aid±x'- + J±a , 


( 2 . 21 ) 


( 2 . 22 ) 


where we use = to emphasize that these are T-duality relations. Here we introduced the 
current in the form 

J±^ = , (2.23) 

K 

where 

= = 7r+„ = 7r,, 7r_„ = 7r„, (2.24) 

and the expression 9'^ is defined in ()A.9I) . 


2.3 Relation between left and right chirality in T-dual theory 

One can see from (j2.2ip and p2.22p that left and right chiralities transform differently in 
T-dual theory. As a consequence, in T-dual theory we will have two types of vielbeins, 
two types of T-matrices, two types of spin connections and two types of supersymmetry 
transformations. We want to have the single geometry in T-dual theory. So, we will show 
that all these different representations of the same variables can be connected by Lorentz 
transformations |33l [34] . 
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2.3.1 Two sets of vielbeins in T-dual theory 

The T-dual transformations of the coordinates ()2.22p we can put in the form 


2nzp£i{, 2n 


Taj 


0 




d±x^ 

d±x^ 


+ 


J±a 


0 


(2.25) 


/ d±ya \ ^ 
y d±x'‘ J 

which can be rewritten as 

d+{aX)i, = + J+^ , {aX)f, = , (2.26) 

where we introduced the T-dual variables aX/x = {ya, x^}. Here and further on the left 
subscript a denotes the T-dualization along directions. For coordinates which contain 
both X* and ya we will use ”hat” indices The matrices 


and theirs inverse 


/ Kef 

0 \ 

/ 

Key 

0 \ 

-2KU_Jf 

^J) ’ 

= 

-2KU+icey 



(2.27) 


Q-J = 


Q-J = 


2n+ab 0 

6i 


(2.28) 


2n_ab 0 \ 

^ 2U_ib d{ ) ’ 

perform T-dualization for vector indices. 

Note that different chiralities transform with different matrices and Q^'^. So, there 
are two types of T-dual vielbeins 

ae^f^ = e\{Q^y ^, a^^ = e\(Q'^)"^ , (2.29) 

with the same T-dual metric 

= {ae^Vaer = {QGQ^r = = {af'yaer = {QGQ^r ■ (2.30) 

The Lorentz indices are underlined (denoted by a, b). 

The two T-dual vielbeins are equivalent because they are related by particular local 
Lorentz transformation 

ae^ = A\ae^ , Ah = eh{Q-^Qfh{e-yh_ 

From (j2.27p and (I2.28P we have 

' + 2K9hGch 2KeyGc 

0 


(2.31) 


[Q-^Qfh = 


’CJ 




which produces 


Ah = 5h - 2ujh , ujh = -Keh0t{e^)b^V^ • 

It satisfies dehnition of Lorentz transformations 

det A—f) = zb 1. 

After careful calculations we have det A% = (—1)'^, where d is the number of dimensions 
along which we perform T-duality. 


A^r]A = r] 


(2.32) 

(2.33) 

(2.34) 


9 








2.3.2 Two sets of F-matrices in T-dual theory 

Because in T-dual theory there are two vielbeins, it must also be two sets of T-matrices 
in curved space 

aTf, = (ae-^)Aa = (ae'^r)^ , ,f ^ T^ = (aC-^T)^ . (2.35) 

They are related by the expression 

af/i = afl , (2.36) 

where is spinorial representation of the Lorentz transformation 

= (A-^)\r^. (2.37) 

2.3.3 Two sets of spin connections in T-dual theory 

The spin connection can be expressed in terms of vielbein as 

, (2.38) 

where 

c^u = - d^e-f,. (2.39) 

So, in T-dual theory there are two spin connections, defined in terms of two vielbeins. As 
a consequence of (j2.31l) they are related as 

= A\ (A-1)4 + A\d^ (A-I)S. (2.40) 


It is useful to introduce the spin connection in the form 



— ^uab^ ) 

(2.41) 

where 

-^db _ 

(2.42) 

Then from (12.3711 for = 

const we obtain 




(2.43) 
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2.3.4 Single form of supersymmetry invariants in T-dual theory and new 
spinor coordinates 

So far we use the action from Ref. [32] which is an expansion in powers of 0“ and We 
performed the procedure of bosonic T-dualization using first term in the expansion i.e. 
0“ and 0“ independent part of the action. Consequently, supersymmetric invariants, 11^, 
da and da, in that approximation became d±x^, tTq, and tTq. But if we would take higher 
power terms into consideration, then these invariants would appear again in the theory. 
Consequently, we can use these invariants to find proper spinor variables. 

From compatibility between supersymmetry and T-duality we will find appropriate 
spinor variables changing the bar ones. We are not going to apply such procedure to 
background fields which transformation we will find from T-dualization. In subsection 2.5 
we will check that both T-dual gravitinos satisfy single supersymmetry transformation 
rule. 

Note that according to |29[l4f)j fermionic coordinates, 9°‘ and 9°‘, and their canonically 
conjugated momenta, iTa and Tta, are parts of supersymmetry invariant variables 

da = 7Ta-^{rf,e)a{d+x^ + l9^^d+e) = 7r„ - ^. (2.44) 

In T-dual theory, as a consequence of two types of T matrices, there are two types 


supersymmetry invariant variables 

ada = aTTa " a0)a(5+ aXf, + ^aOar(,d+ „0) , (2.45) 

ada = a^)a(<9- aXf^ + aO) ■ (2.46) 

We want to have both expressions with the same T matrices. Using relation (12.361) we can 
rewrite bar expressions as 

(af^ ad)a = a0)a(5- aXf, + f, ,52 d.J) ■ (2.47) 

So, if we preserve expressions for ,0" = 0" and change bar variables 

•r = = ,12/ , (2.48) 

and take 

= 1, (2.49) 


the transformation with bar variables will obtain the same form as those without bar 
in ada- Consequently, T-dual supersymmetric invariant variables ada and a^a^ adp are 
expressed in unique form in terms of true T-dual spinor variables tTq,, *0" and ’tTq 

ada = da , ’d'a = a^Jdp = ’tT^ - i(,r^ •0)„(a_ + ^’0 aTpd. 'O) , (2.50) 

if condition (|2.49p is satisfied. 


11 






2.3.5 Spinorial representation of the Lorentz transformation 


In order to find expressions for bar spinors in T-dual background we should first solve 
equation (12.371) and find expression for qO. We will do it for —)• 0, so that 6^ 

— where Gab is ab component of Then from ()2.33l) it follows 

aUj^ ^ e^a{G-^r\e^)b^ = aP ^, (2.51) 


where aP-b is some a dependent projector on the gh subspace aP-c aP-b = aP%- If we 
introduce T-matrices in curved space 

r/^ ^ (2.52) 


we can rewrite expression (I2.37P in the form 




-2 aaP%r!^ 




(2.53) 


To simplify derivation from now on we will suppose that metric tensor is diagonal. Then 
ie~^)^aaP% = and we have 


-25^r“] a^- 


For n = a and g. = i we obtain 


or“ =-r“ Q, 


,Qr =r* fi. 


(2.54) 


(2.55) 


The T-matrices in curved space for diagonal metric satisfy the algebra 

{r“,r^} = 2(G-^)“^ {r“,r} = o, = 2{G-^yp (2.56) 


We should hnd such afl that anticommutes with all matrices T® and commutes with 
all matrices T*. Let us first introduce T^^ matrix as 

rii = (i)^ - , (2-57) 

11^=0 

where normalization constant is chosen so that T^^ satisfies the condition (T^^)^ = 1. 
Then we define analogy of T^^ matrix in subspace spanned by T-dualized directions 

d(d-l) -JL d(d-l) 

= {i)^~ n , (2.58) 

i=l 


so that 


Ur)2 = pc™ = -3-— 

1L=1 ^aiC 


i=l 


(2.59) 
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Their commutation (anticommutation) relations with one T matrix depend on number 
of coordinates d, along which we perform T-dualizations. Therefore we have 

,rr“ = (-i)'^+ir“„r, „rr = ,r, (2.60) 


which means that the solution of eo. (12.551) is proportional to 






(2.61) 


Taking into account (12.491) . = 1, we obtain 




\ 


ar(ir 


ll\d 


i=l 


(2.62) 


This is a general solution. Note that for 01(^02 = 0 we have a 2 ^ = (~l)^^'^^aflj where 

= Ol U ®2- 

When the number of coordinates along which we perform T-duality is even (d = 
2k), we have = (“l)^\/ri£i~^ai^ af"- As a consequence of the relation T^^ all = 
(—l)'^ all we can conclude that in that case bar spinors preserve chirality. When 
the number of coordinates along which we perform T-duality is odd (d = 2A: -|- 1), we 
have afl = (—1)“2“ Y^nf=i Gaiai i abT^^. As a consequence of the above relation such 
transformation changes chirality of the bar spinors. 

In the particular case, when we perform T-dualization along only one direction, 
then qT —>■ ,d ^ 1 and we obtain the result well known in the literature [niMiiM] 

= i^Ga.a, T^^ . (2.63) 


This is the case of the transition between IIA and IIB theory, when T-duality change 
chirality of the bar spinors. 

When we perform T-dualization along all coordinates then d —)• H = 10, qT —)• 
— , ^ and from (12.6211 we obtain 


= (-i)T . 


(2.64) 


2.4 Choice of the proper fermionic coordinates and T-dual background 
fields 

We have already learned that in order to have compatibility between supersymmetry and 
T-duality, we should choose the dual bar variables with ’’bullet” in accordance with (12.480 . 
So, before we read the T-dual background fields, we will reexpress the action (12.201) in terms 
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of the appropriate spinor coordinates (|2.48l) which, with the help of the relation = 1, 
produces 


aS{ya,x\6°',*6‘^,Tra,*Tra) = 

+ K^d+ya^^U+kjO-X^ - K^d+xm+Jl^O.yb + 

+ Kd+x\U+ij - 2KU+iJ^^U+bj)d-X^ 

- 7r„a_(r + M/fx' - 2^20-^+bjX^ - '^ad-Vb) 

+ d+[^9\n^<^ + ^fx^ + + KOtvbU^J’^y 

+ 27r„^'“r'''l'faf^/’^7 + ^et7r„F“^aO/*7r^| . (2.65) 


Consequently, applying the Buscher T-dualization procedure [2] along bosonic coordi¬ 
nates x“ of the action (j2.13l) the T-dual action obtains the form 


^S = Kd+{aX)f,aK"d.{aX)i, + 


( 2 . 66 ) 


- 7r„5_[r + a^"^{aX)y] + 9+rr + a^"^{aX)y] •yf^ + ^e^7r„ •irp 


where {aX)y = {ya,x^), = (a4'““,a^f) and = (a^““,a^f). 


Now, we are ready to read the T-dual background fields 

anf = ^d^\ (2.67) 

an±,“ = , a(n±)^ = , (2.68) 

a^±ij = - 2Kli±iaO‘^I\-±bj , (2.69) 

= AC , (2.70) 

= Tf - 2Kn_ife0^“T“ , = af2“;3(Tf - 2Kn+,fe0^“T^), (2.71) 

= (et F"T' + , (2.72) 


when a 14 is defined in (|2.62p . 

The dilaton transformation in term originates from quantum theory and will be 

discussed in subsection 2.6. 


2.5 Supersymmetry transformations of T-dual gravitinos 

Note that in the expressions for T-dual fields a^f and aT“^ the matrix ^14 appears 

as a consequence of T-dualization procedure and adoptions of ’’bullet” spinor coordinates. 
In Refs.[33l [M] it appears as a consequence of compatibility between supersymmetry and 
T-duality. 
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Supersymmetry transformation of gravitino is expressed in terms of covariant deriva¬ 
tives 

= + = + , (2.73) 

with the same covariant derivative on both left and right spinors 

Dfj, = dfj^ + ujfj^ . (2.74) 

In the T-dual theory, as a consequence of two kinds of spin connections, there are two 
kind of covariant derivatives 

+ ^^A ^ ^£,A = ^A + ^^A ^ (2.75) 

such that 

= aD^e‘^ , . (2.76) 

Let us show that improvement with in transformation of bar gravitionos just turns 
aDi^ to aD^. In fact, from 

= an'^0 [d^E^ + , (2.77) 

with the help of (|2.43l) . for constant ^12, we have 

,4- = aD~^ ^8^^) = a^^ne • (2.78) 

Therefore, it is clear that in order to preserve the same spin connection for both chiralities 
we should additionally change bar supersymmetry parameter 

•^ = {anr0aE^. (2.79) 

2.6 Transformation of pnre spinors 

In this subsection we will find transformation laws for pure spinors, A“ and A“, which are 
the main ingredient of pure spinor formalism. 

It is well known that pure spinors satisfy so called pure spinor constraints 

x^{rna^x^ = o, X^{T>^UX^ = 0. (2.80) 

After T-dualization they turn into 

aA“(ar;i)„;3aA^ = 0, a A“ (af ;i)„^ ^ A^ = 0 . (2.81) 

The relation between matrices qT^ and ^T^ is given in (I2.36p . In order to have both 
expressions with same gamma matrices, as before, we preserve the expression for unbar 
variables 

aA" = A“ . (2.82) 
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and change bar variables 


•A“ = ■ (2.83) 

The varables Wa and Wa are canonically conjugated momenta to the pure spinors A“ 
and A“, respectively. The transformation laws for pure spinor momenta can be found from 
the expressions for and (|2.5I) which would appear in the action if we would take 
higher power terms in 0“ and After T-dualization these expressions become 

aN+pC = -^aWa{a^[pO\TP aA^ , aN-po = -aWa{oX[pO\Tp aA^ . (2.84) 

Using Eq. (j2.36p and definition of (j2.16p we see that relation between a^ipo] and a^ipo] 
is the same as between gamma matrices (|2.36p . As in the previous case, in order to have 
unique set of gamma matrices, we do not change unbar variables 


aWa = Wa ■ 

(2.85) 

while choose bar variables in the form 

Wa — aWp . 

(2.86) 


Let us note that free field actions S\ and 5^ are invariant under T-dualization because 

= 1 . 


2.7 T-dual transformation of antisymmetric fields 
- from IIB to IIA theory 


To find the T-dual transformation laws for antisymmetric fields we will start with expres¬ 
sion (j2.72l) . First, as it is explained in Refs. [21 [JT] the quantization procedure produces 
the well known shift in the dilaton transformation 

,cl> = CD _ lndet(2n+„fe) = cD - (2.87) 

Together with (12.721) it gives relation between initial and T-dual background fields 

aF^^= (F“^ + 4e-tKT“r''T2')aff/. (2.88) 

For = 0 we have = (Gg^)“^ = (G“^)“^ and consequently = ^(det Gab)'^ 

a/I det Gab |. It is important to stress that unlike in expression (12.621) for afl here we have 
absolute value under square root. For diagonal metric G^u we have det Gab = nf=i Gatai 
and taking into account expression (12.621) we find 




\ 


sign([[aa.a.)i[Oa,aAF‘'’ +ie 


2 kT) 




(aLT 


1117 


(2.89) 


2=1 


2 = 1 
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Note that we are going to T-dualize all ZD-directions. Then it is necessary to perform 
T-dualization along time-like direction. Here the above square root has important conse¬ 
quences. For our signature —), the square of the field strength and, 

consequently the square of all antisymmetric fields will change the sign when we perform 
T-dualization along time-like direction. This is just what we need to obtain Type II* 
theories in accordance with Ref. [28]. 

In a simple case when gravitino fields and Kalb-Ramond field are zero and metric is 
diagonal we will express transition from type IIB to type IIA theory. Taking d = 1 we 
have 

= i^sign{Gaa) Gaa F^^ . (2.90) 

Let us choose type IIB as a starting theory. The matrix T^^ turns to 
where 

(p(n))a/3 ^ _ (2.91) 

As a consequence of the chirality condition FT^^ = —T^^F" the independent tensors are 
F’(i), and self dual part of F^^\ So we can write 

( 1 \ “d 

plb + F®-b, (2.92) 

Similarly, in T-dual theory (here it is IIA) we have 

= (aF(2)+„FW)“^ , (2.93) 

where now 

(^F(n))a/3 ^ . (2.94) 

The F-matrices on both sides are defined in curved space. For initial theory it is just 
()2.52l) while for T-dual theory it is defined in the first relation (12.351) as al'p, = 

As a consequence of the first relation (I2.29h between vielbeins = e-y{Q'^Y^ we can 
find the relation between F-matrices 


aVp = 


which produces 

(aF^”^)“^ = —^ (F[/^i/^2---Mn]^Q;/3 ^ 

where 

= aF^^^^-''"(Q-'^)Aim(Q"'^)A2M2 • • • • 

Using the standard relation between F-matrices 


F[A‘lA‘2'"Aln]F“ = p/i/il/^2"-Alna _ 


(n-1) 




(2.95) 

(2.96) 

(2.97) 


(2.98) 
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we obtain 


1 


Tp{n)-pa _ i_ p 

1 ± ± I 


n\ 




p[MlM2---A‘na] 


(n 


1 )! 


p a 




(2.99) 


So, from (I2.9np . (I2.92h . (j2.93j) . (j2.96j) . (I2.97h and (j2.99p we can find general relation 
connected antisymmetric fields of Type IIA and type IIB theories 


= VsignGaaGaa 

( 2 . 100 ) 

Under our assumptions we have 

and consequently 

aFij = -i^JsignGaaGaaFij ^-, aFi" = -2i^JsignGaaFi , ( 2 . 102 ) 

aFijkq — — signGaaGaaFijkq i aFijk — Fi\JsignGaaFijk • (2.103) 

For the space-like directions Gaa < 0 and iy/signGaa is real. For time-like direction 
y/signGaa y/signGoo = 1 and remaining imaginary unit causes that squares of the 

antisymmetric fields get additional minus sign and type II theories swap to type II* ones 

m- 


3 Double space formulation 

In this section we will introduce double space, doubling all bosonic coordinates by 
corresponding T-dual ones y^. We will rewrite the transformation laws in double space 
and show that both the equations of motion and Bianchi identities can be written by that 
single equation. 

3.1 T-dualization along all bosonic directions 

Applying the Buscher T-dualization procedure [2] along all bosonic coordinates of the 
action ()2.13p the T-dual action has been obtained in Ref. [6]. This is particular case of our 
relations (I2.67I) - (I2.72|) where T-dual background fields are of the form 



(3.1) 

= K *n^fi , 

(3.2) 

e-T = (elF"T' + ■ 

(3.3) 
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Here we use the notation 


= = *Q =(3.4) 

Kj 

and 

0^- = --{G-E^n^G-^r = 0^" T hG-^^r , (3.5) 

K K 

so that 

(n±eT)/ = ii/. (3.6) 

From (j3.ip and (j3.5l) it follows 

= {G-^^Y '', *B^'^ = . (3.7) 

In this case the transformation laws (12.211) and (12.221) (the relations between initial 
and T-dual coordinates y^) obtain the form 

d±x^ = -kQY d±yu + J±u , d±yf, = -2U^fj,^d±x’' + J±^ . (3.8) 


3.2 Transformation laws in donble space 

Rewriting equations (|3.8I) in the form where terms multiplied by s±^ = ±1 are on the 
left-hand side of the eqnation, we obtain 

±d±y^ = - 2{BG-YYd±y, + 2(n±G-i)^" J±, , (3.9) 

±d±xf^ ^ iG-Y^’'d±y^ + 2{G-^BYud±x’' - . (3.10) 

Let us introduce double space coordinates 

Z" = ( , (3.11) 

which contain all initial and T-dual coordinates. In terms of double coordinates the 
relations (13.9h and (13.10^ are replaced by one 

d^Z^i ^ ^ (3,12) 


where the matrix T-Lmn is known in literatnte as generalized metric and has the form 


'Hmn = 




-2B^p{G-y'' 

2{G-Y^PBpy (G'-i)M^ 


(3.13) 


The donble current J±m is defined as 


/ 2(n±G-i)/j±, \ 
-(G-1)'^"J±. ) 


(3.14) 
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and 

) . ( 3 . 15 ) 

is constant symmetric matrix. Here Id denotes the identity operator in D dimensions. 
Let us stress that matrix and are different quantities. 

By straightforward calculation we can prove the relations 

'H^nn = n, = det'HMN = i, (s.ie) 

which means that Ti G SO{D, D). In calculation of determinant we use the rule for block 
matrices 

det ^ ^ ^ ^ = detL>det(H — . (3-17) 

In Double Field Theory is the SO{D,D) invariant metric and denoted by 


3.3 Equations of motion and donble space action 

It is well known that equations of motion of initial theory are Bianchi identities in T-dual 
picture and vice versa [g Ha mill]. As a consequence of the identity 

d+d-Z^^ - d-d+Z^ = 0, (3.18) 


known as Bianchi identity, and relation (I3.12p . we obtain the consistency condition 


04 


-UmnO-Z^ + J_ 


M 


+ d_ 


T-LmnS+Z^ + J+M 


= 0 . 


(3.19) 


In components it takes a form 

d+d.x^^ = (Kd+^a + , 

Ki ^ ' 

d+d.y, = --G® (*T“^d+7r„ + . (3.20) 

These equations are equations of motion of the initial and T-dual theory. Double space 
formalism enables us to write both equations of motion and Bianchi identities by single 
relation (13.12^ . 

The equation (|3.19l) is equation of motion of the following action 


S = 


K 

4 




d+Z^TiMNd-Z^ + d+Z^J.M + J+mB-Z^ + L(7r„, TTa) , 


where L{Tra,'^a) is arbitrary functional of fermionic momenta. 


(3.21) 
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4 T-dualization of type II superstring theory as permuta¬ 
tion of coordinates in double space 

In this section we will derive the transformations of the generalized metric and current, 
which are consequence of the permutation of some subset of the bosonic coordinates with 
the corresponding T-dual ones. First we will present the method in the case of the com¬ 
plete T-dualization (along all bosonic coordinates) and find the expressions for T-dual 
background fields. Then we will apply the receipt on the case of partial T-dualization. 

4.1 The case of complete T-dualization 

In order to exchange all initial and T-dual coordinates let us introduce the permutation 
matrix 

) , (4.1) 

so that double T-dual coordinate *Z^ is obtained as 

= T^nZ^ = ^ ^ . (4.2) 

We demand that T-dual transformation law for double T-dual coordinate *Z^ has the 
same form as for initial coordinate Z^ (j8.12p 

d±*z^ ^ (*nNpd±*z^ + *j±n) ■ (4.3) 

Then the T-dual generalized metric *'Hmn and T-dual current *J±m are 

^T-Lmn = Tm^T-LklT^N , *J±M = Tm^ J±N ■ (4.4) 

Permutation of the coordinates (14.2p together with transformations of the background 
fields (j4.4p represents the symmetry transformations of the action (13.2111 . 

Using the corresponding expressions for n, T~Lmn and J±m, we obtain from the 
generalized metric transformation 

= {Ge^Y'' , . (4.5) 

Taking into account that as a consequence of (12.4811 the bar dual variable is = 

(*12^)a^7f^, from current transformations we have 

1 , (4.6) 

where *54 = -T^b 

Consequently, using double space we can easily reproduce the results of T-dualization 
(13.7p and (13.2p . The problem with T-dualization of the R-R field strength will be 
disscussed in subsection 5.3. 
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4.2 The case of partial T-dualization 

Applying the procedure presented in the previous subsection to the arbitrary subset of 
bosonic coordinates we will, in fact, describe all possible bosonic T-dualizations. Let us 
split coordinate index /r into a and i ( a = 0, • • •, d — 1, i = d, ■ ■ ■, D — 1) and denote 
T-dualization along direction and Ua as 

r“ = T“ o Ta, r“ = r° o o • • • o r'^-^, = Tq o Ti o • • • o Ta-i , (4.7) 


where o marks the operation of composition of T-dualizations. Permutation of the initial 
coordinates with its T-dual ya we realize by multiplying double space coordinate by 
the constant symmetric matrix (T“)^Ar 




^ Va ^ 


/ 

0 

0 

la 

0 

\ 


/ x“ \ 

X® 

= {T^)^nZ^ = 


0 

L 

0 

0 



X® 

x“ 


la 

0 

0 

0 



Va 

\ Vi ) 


1 

0 

0 

0 

L 

) 


\ Vi ) 


(4.8) 


where la and 1* are identity operators in the subspaces spanned by and x*, respectively. 
It is easily to check the following relations 


(r“r“)^^ 7 v = , (r“Lir“)^iv = ■ (4.9) 


The first relation means that after two T-dualizations we get the initial theory, while the 
second relation means that G 0{D, D). 

Let us apply the same approach as in the case of the full T-dualization presented in the 
previous subsection. We demand that double T-dual coordinate aZ^ satisfy the T-duality 
transformations of the form as initial one Z^ ( 13 . 121 ) 

a± aZ^ = ± (oHnK d± aZ^ + a J±7v) • (4.10) 

Consequently, we find the T-dual generalized metric 

oHmn = {T°')m^T-Lkl{T°')^N , (4-11) 


and T-dual current 

aJ±M = {T^)m^J±N ■ (4-12) 

Note that equations (|4.8I) . (|4.11l) and (|4.12l) are symmetry transformations of the action 
(|3.21l) . The left subscript a means dualization along x“ directions. 
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5 T-dual background fields 


In this section we will show that permutation of some bosonic coordinates leads to the 
same T-dual background fields as standard Buscher procedure [ 6 ]. The transformation 
of the generalized metric (I4.11h produces expressions for NS-NS T-dual background fields 
and B^y). They are the same as in bosonic string case obtained in Ref. [26]. So, we 
will just shortly repeat these results. From the transformation of the current J±m (|4.12p 
we will find T-dual background fields of the NS-R sector (T" and T"). Because R-R field 
strength does not appear in T-dual transformations, we will find its T-dual under 
some assumptions. 


5.1 T-dual NS-NS background fields B^y 


Demanding that the T-dual generalized metric aB.MN has the same form as the initial one 
T-Lmn (|3.13p but in terms of the T-dual fields 


oHmn 


-2{aBaG-^ry \ 

2(aG-\R)/ iaG-^)^y ) ’ 


(5.1) 


and using Ea. (|4.11l) . one hnds expressions for the NS-NS T-dual background helds 
in terms of the initial ones 




(5.2) 


where 7 and 7 are defined in (|A.4p . g and g in (IA.5p . while /3i, $ and /3 are defined in 
(lA.ip . The quantities A and D are given in (lA.llI) and (|A.13p . respectively. In more 
compact form we have 


a 


nf 


-KU^ibO’^ U±ij - 2KU±iaO^Il±,bj ) 


(5.3) 


where 0'^ has been defined in ()A.9p . Details regarding derivation of the equations (15.211 
and (15.3p are given in Ref. [26]. Reading the block components we obtained the NS- 
NS T-dual background fields in the flat background after dualization along directions 
x“, (a = 0 , 1 , • • • , d — 1 ) 


^ ^ , (5.4) 

an±i“ = -Kll^ibd^ , = Il±ij - 2Kll±ia9‘^U±bj ■ (5.5) 


These are just the equations (I2.67I1 - (I2.69I) . The symmetric and antisymmetric parts of 
these expressions are T-dual metric and T-dual Kalb-Ramond field, which are in full 
agreement with the Refs. BM- 
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5.2 T-dual NS-R background fields 'k", 

Let us find the form of T-dual NS-R background fields, a^f, and a^f- The 

T-dual current aJ±M (14.1211 should have the same form as initial one (13.1411 but in terms 
of the T-dual background fields 


/ 2Un± {aJ)\ + 2(,n± {aJ)±i \ 

2iaU± aG-^)ia {aJ)^ + ‘^ia'n± aG-^)i^ {aJ)±j 
-{aG-\b {aJ)i - (aG-l)a' {aJ)±i 
V -{aG-^YaiaJr±-{aG-^yHaJ)±j 


2 (n±G-i)i^j±^ 

2 (n±G-i)a^j±^ 

V -iG-^Y^J±t. y 


(5.6) 


On the left-hand side of this equation we split the index /r in o and i components because 
in T-dual picture index a has different position, it is now up. T-dual currents are written 
between the brackets to make distinction between left subscript a marking partial T- 
dualization and summation indices in the subspace spanned by 

The information about T-dual NS-R background fields we can obtain from the lower 
D components of the above equation. In order to find the solution of these equations it is 
more practical to rewrite them using block-wise form of matrices given in Appendix and 
Ref.pS] 

-gab {aJ)± + 2(/3l)a' {aJ)±i = 20 ± ^)0J±b + 2(/3l)aV±, , 

-20lYb {aJ)i + f {aJ)±j = 7“ J±a + f^J±j ■ (5.7) 


From the Eq.(3.18) of [2B] 

/ ^-i\ ^ ( 9ab -2{BG~^)J 

U y 2{G-^BYb {G-0^ 


9 -2/3i \ 

- 2 / 3 r 7 y 


(5.8) 


()A.4I1 and ()A.7|1 . we find the components of aG~^, G~^ and BG~^, respectively. In the 
first equation on right-hand side for (n±G“^)a* stands just (/3i)a* because 5a* = 0. 

The difference 


(aJ)±, - [0^J±a + 20l)h {ajf± 

obtained from the second equation, we put in the first equation which produces 


± ^ ) - /3i7 V 


^J±b = -{9-^PlT0l)^^ aJl- 


From the definition of quantity Aab (lA.llh we get 


. J)i = 2 


-A-^0±-) + A-0,T0 


-\ be 


J±C ■ 


(5.9) 


(5.10) 


(5.11) 
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Using the expression Aab = Qab (proved in [26]) and the relation (IA.12I) . we recognize ab 
block-component of the relation (15.21) . So, with the help of (15.31) it is easily to see that 

{aJ)i = 2 • (5.12) 

Note that now the T-dual current aJ± is of the form 

aji=±-a'i>f a7^±a, (5.13) 

Kj 

where 

= = aTT+a = 7r„, ,7r_„ = , (5.14) 

and as before 

J±^ = ±-4'±^7r±„ . (5.15) 

Kj 

So, the a components of the T-dual NS-R fields are of the form 

. (5.16) 


Substituting (I5.11|) into (j5.9l) we obtain 

{aJ)±i-J±i = ( 7 -' +47-Vf^-Vi7"')..7''^±f>-4 


7 4l (^ ± 2^ 


With the help of ()A.13p the relation ()5.17l) transforms into 

'1 


^D-^^-2T^l3lA-\p±-) 


{aJ)±i J±i ~ 2 

From j“ component of (15.21) and (15.3p we finally have 

{aJ)±i = J±i ~ J±a ■ 


^J±a. 


"J±a. (5.17) 


(5.18) 


(5.19) 


As in the previous case, using the expressions for currents (|5.13l) and (I5.15p . the hnal form 
of T-dual fields is 


aTf = Tf - = „57“^(Tf - 2Kn+,fe0l“Tf). (5.20) 

The relations (j5.16p and (I5.2n|) are in full agreement with the results from Ref.|6] given 
by Eas. (|2.70p and (12.711) . 

The upper D components of Ea. (l5.6p produce the same result for T-dual background 
fields. 
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5.3 T-dual R-R field strength F°‘^ 

Using the relations aF. = and aJ± = T°'J± we obtained the form of NS-NS and 

NS-R T-dual background fields of type II superstring theory. But we know from Buscher T- 
dualization procedure that T-dual R-R field strength has the form given in Ea. (|2.72p . 
In this subsection we will derive this relation within the double space framework. 

The R-R field strength appears in the action (|2.13p coupled with fermionic mo¬ 
menta tTq, and tTq along which we do not perform T-dualization. So, we did not double 
these variables. It is an analogue of zj-term in approach of Refs. [liiiig where x* coor¬ 
dinates are not doubled. Consequently, as in [niE2] we should make some assumptions. 
Let us suppose that fermionic term L{'Ka,^a) is symmetric under exchange of R-R field 
strength with its T-dual 

L = e? TTq F + aF, (5.21) 

for some and aT"^. This term should be invariant under T-dual transformation 

aC = C + AC. (5.22) 

Taking into account the fact that two successive T-dualization are identity transformation, 
we obtain from (|5.22p 

£ = aC + aA£. (5.23) 

Combining last two relations we get 

aAC = -AC. (5.24) 

If AC has a form AC = tt^ and consequently aAC = aA°^^a^p, then with the 

help of the first relation (I2.48P we obtain the condition for 

„A“^ = - . (5.25) 

So, we should find the combination of background fields with two upper spinor indices 
which under T-dualization transforms as in (I5.25|] . Using the expression for NS-R fields 
(I2.70p and the equation {ad±)ab = = -^{&±^)ab [see T-dual of ()5.4I) and (jA.lOp j. it 

is easy to check that there are D different solutions 

Af = c^y^^^b > (5-26) 

where d = 1,2, ...F and c is arbitrary constant. Consequently, when we T-dualize d 
dimensions (o = 0,1,... d — 1), from (I5.22p we can conclude that the T-dual R-R field 
strength has the form 

e# ■ (5.27) 

For c = 4 k we obtain the agreement with the expression (I2.72h . Note that the fermionic 
term L(i{TTa,^a) depends on d, number of directions along which we perform T-duality as 
well as in Ref. [211 122] . 
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6 Conclusion 


In this article we showed that the new interpretation of bosonic T-dualization procedure 
in double space formalism offered in [261127] is also valid in the case of type II superstring 
theory. We used the ghost free action of type II superstring theory in pure spinor formu¬ 
lation in the approximation of quadratic terms and constant background fields. One can 
obtain this action from action (j2.7p . which could be considered as an expansion in powers 
of fermionic coordinates. In the first part of analysis we neglect all terms in the action 
containing powers of 0" and 0". This approximation is justified by the fact that action is 
a result of an interative procedure in which every step comes out from the previous one. 
Later, when we discussed proper fermionic variables, taking higher power terms we restore 
supersymmetric invariants (11^, da, da) as variables instead of d±x^, iTa and tTq. 

We introduced the double space coordinate = {x^,y^) adding to all bosonic initial 
coordinates, x^, the T-dual ones, Then we rewrote the T-dual transformation laws 
()3.8p in terms of double space variables (I3.12p introducing the generalized metric Hmn 
and the current J±m- The generalized metric depends only on the NS-NS background 
fields of the initial theory. The current J±m contains fermionic momenta tTq, and 7r„ along 
which we do not make T-dualization and depends also on NS-R background fields. The 
R-R background fields do not appear in T-dual transformation laws. 

The coordinate index y is split in a = (0, 1,... d — 1) and i = {d,d + 1,... D — 1), 
where index a marks subsets of the initial and T-dual coordinates, and ya, along 
which we make T-dualization. T-dualization is realized as permutation of the subsets 

and ya in the double space coordinate . The main demand is that T-dual double 
space coordinates aZ^ = nZ^ satisfy the transformation law of the same form as 

the initial coordinates Z^^. From this condition we found the T-dual generalized metric 
a^-MN and the T-dual current aJ±M- Because the initial and T-dual theory are physically 
equivalent, a'^MN and aJ±M should have the same form as initial ones, % and J±m, but 
in terms of the T-dual background fields. It produces the form of NS-NS and NS-R T-dual 
background fields in terms of the initial ones which are in full accordance with the results 
obtained by Buscher T-dualization procedure [SIT]. 

The supersymmetry case is not a simple generalization of the bosonic one, but re¬ 
quires some new interesting steps. The origin of the problem is different T-duality trans¬ 
formation of world-sheet chirality sectors. It produces two possible sets of vielbeins in 
the T-dual theory with the same T-dual metric. These vielbeins are related by particu¬ 
lar local Lorentz transformation which depends on T-duality transformation and which 
determinant is (—1)'^, where d is the number of T-dualized coordinates. So, when we 
T-dualization along odd number of coordinates then such transformation contains parity 
transformation. Consistency of T-duality with supersymmetry demands changing one of 
two spinor sectors. We redefine the bar spinor coordinates, ad and 
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variable a^a a^a = a^a^^/ 3 - As a consequence bar NS-R and R-R background 
field include in their T-duality transformations. For odd number of coordinates d 
along which T-dualization is performed, changes the chirality of bar gravitino and 
chirality condition for We need it to relate type IIA and type IIB theories. 

Transformation law (|3.12l) induces the consistency condition which can be considered as 
equation of motion of the double space action (13.211) . It contains an arbitrary term depend¬ 
ing on undualized variables L(7rc^, 7r„). This is analogy with the term in ap¬ 

proach presented in Ref. |21l[22] . So, to obtain T-dual transformation of R-R field strength 
we should make some additional assumptions. Supposing that term L{ira,^a) is T- 
dual invariant and taking into account that two successive T-dualizations act as identity 
operator, we found the form of T-dual R-R field strength up to one arbitrary constant c. 
For c = 4 k we get the T-dual R-R field strength as in Buscher procedure [6]. 

T-duality transformation of the R-R field strength has two contributions in the 
form of square roots. The contribution of dilaton produces the term \ On the 

other hand contribution of spinorial representation of Lorentz transformation ^12 contains 
the same expression without absolute value Gaiai- Therefore, T-dual R-R field 

strength besides rational expression, contains the expression sign{Y\f^i Gaiai) 

()2.89l) . If we T-dualize along time-like direction (Gqo > 0), the square root does not 
produces imaginary unit i and not canceled the one in front of the square root. So, T- 
dualization along time-like direction maps type II superstring theories to type II* ones 

m- 

The successive T-dualizations make a group called T-duality group. In the case of type 
II superstring T-duality transformations are performed by the same matrices T“ as in the 
bosonic string case [26l[23. Consequently, the corresponding T-duality group is the same. 

If we want to find T-dual transformation of without any assumptions, we should 
follow approach of [261127] and, besides all bosonic coordinates double also all fermionic 
variables 7r„ and tTq. In other words, besides bosonic T-duality we should also consider 
fermionic T-duality [40] . 

A Block-wise expressions for background fields 

In order to simplify notation we will introduce notations for component fields following 

Ref. [26] ■ 

For block-wise matrices there is a rule for inversion 

f A B _ f {A-BD-^C)-^ -A-^B{D -CA-^B)-^ \ 

\C D ) ~ \ -D-^C{A-BD-^C)-^ {D-CA-^B)-^ )' ^ 


28 











For the metric tensor and the Kalb-Ramond background fields we define 

^ Gab Gaj \_fG G^ ^ 


G^.= 


G,b G 




and 


= 


bab ^aj \ _ 

y bib bij J 

We also define notation for inverse of the matric 




^0,b 


and for the effective metric 


G;, = G^, - 4B^p{G-^y^Ba, = 


^ G G j ' 

b -b'^ \ 

b b ) ' 

= ( ^ 7'^ \ 

~ V 7 7 / ’ 

9ab 9aj A _ (9 9 


9ib 9ij 


9 9 


(A.2) 

(A.3) 

(A.4) 

(A.5) 


Note that because is inverse of G^i, we have 


7 = -G-IG7 = -7GG-1 , 7^ = -G-^G^7 = -7G^G-i , 

j = {G-G^G-^G)-y 7 = (G - GG-^G'^)-\ 

(J-l = 7 — J G~^ = 1 — ■ 

It is also useful to introduce new notation for expression 

iBG-X’' = 1 7 - (-7 7"^- 67 U / ,9 At 

y Irf + bj 67^ + 67 y \ (32 (3 ) 

We denote by hat ~ expressions similar to the effective metric (IA.5I) and non-commutativity 
parameters but with all contributions from ab subspace 


(A.6) 

(A.7) 


gab = (G - AbG-^b)ab , 9 


K 


(A.8) 


Note that (jab 7^ 9ab because gab is projection of g^u on subspace ab. It is extremely useful 
to introduce background field combinations 


B-Xab — Bab i ^^^.b 
which are inverse to each other 


= --(r'n±G 

Kj 


— l\ab 


1 


= e-^^-{g 

K 


— l\ab 


9yB^cb 


- 1 A- 
2k 


The quantity Aab is defined as 

Aab = {9- 4/3i7“Vi’)ab ■ 

One can prove the relation |26] 

(rVi7?-'A = (r'/3i7“'A, 

where D'‘3 ig defined in Eq.(3.21) of [26] 

= (7 - 4/3fr'/3i)‘'', {D-% = + 47-i/3f A-1/3 i7-')^^. . 


(A.9) 

(A.IO) 

(ATI) 

(A.12) 

(A.13) 
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